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$r_{k}(x)$ $:=sign(\sin 2^{k+1}\pi x)(k=0,1, \cdots, 0<x<1)$
$\{r_{k}\}$ Borel-Lebergue $[0,1]$ ,
$w_{0}(x)$ $:\equiv 1$ ,
$n=a_{0}+a_{1}2+a_{2}2^{2}+\cdots+a_{l}2^{l}$ ( $a_{l}=1,$ $a_{k}=0$ or 1, $k=0,1,$ $\cdots,$ $l-1$)
$w_{n}(x):= \prod_{k=0}^{l}r_{k}(x)^{a_{k}}$
, $\{w_{k}\}$ $[0,1]$ Walsh $f\in L^{1}[0,1]$
$f(x) \sim\sum_{k=0}^{\infty}\hat{f}(k)w_{k}(x),\hat{f}(k)$ $:= \int_{0}^{1}f(x)w_{k}(x)dx$ ,
$S_{n}f(x):= \sum_{h=0}^{n-1}\hat{f}(k)w_{k}(x)$
$x\in[0,1]$ , $x$ $2^{-k}$ $x+P^{k}$ ,
$S_{2^{k}}f(x)= \frac{1}{|x+P^{k}|}\int_{x+P^{k}}f(t)dt$
$x\in[0,1]$ $x=\Sigma_{k=0}^{\infty}a_{k}2^{-k}$ , ( $a_{k}=0$ or 1)
$x$ $\{a_{0}, a_{1}, \cdots\}$ $x$ 2 , $x$
, 1:1 , 2
$x\dotplus_{y}$ , , , 2
, Walsh-Paley , $2^{\omega}$ $2^{\omega}$ Borel Haar $[0,1]$ Borel-
Lebesgue





2 2-series numbers field $K_{2}$
2 $K_{2}$
$= \sum_{i=k}^{\infty}a_{i}t^{i}(a;\in GF(2))$
$t$ $K_{2}$ 2 , 2
$2^{\omega}$ $K_{2}$ ,
$= \sum_{i=k}^{\infty}a_{i}t^{i}(a_{k}\neq 0)$
, $|x|:=2^{-k},$ $|0|$ $:=0$ , $|x+y| \leq\max(|x|, |y|),$ $|x+y|= \max(|x|, |y|)(if|x|\neq$
$|y|),$ $|xy|=|x||y|$ $\{x\in K_{2} : |x|\leq 2^{-i}\}$ $0$ , $K_{2}$
, ,totally disconnected , $K_{2}$
$x= \sum_{i=0}^{\infty}a_{i}t^{i}$
$O:=\{x\in K_{2} : |x|\leq 1\}$ , 2 $2^{\omega}$
$P;=\{x\in K_{2} : |x|<1\}$ , $tO=P$ $K_{2}$ $K_{2}^{+}$ Haar ,
$d(ax)=|a|dx,$ $E\subset K_{2}$ $|E|$ $:= \int_{K_{2}}\xi_{E}(x)dx$ ( $\xi_{E}$ : $E$ ) $|O|=1$
$P^{k};=\{x\in K_{2} : |x|\leq 2^{-k}\}$ , $O=P^{0},$ $P=P^{1},$ $|P|=2^{-1},$ $|t|=2^{-1}$
$K_{2}$ $x$
$x=x_{0}+ \sum_{i=k}^{-1}a_{i}t^{i}$ ( $a_{i}=0$ or 1, $x_{0}\in O$ )
,
$\chi(t^{k})$ $:=\{$ $-11ifk<-1ifk=-1$ $\chi(x_{0})$ $:=1$
, $\chi(x)=1(|x|\leq 1),$ $\chi(x)=-1(|x|=2)$ , $\chi_{u}(x):=\chi(ux),$ $(u,$ $x\in$
$K_{2})$ \chi u $:=\chi_{u}|_{0}$ , $\chi_{u}$ $O$ $\{u(n)\}_{0}^{\infty}$ $K_{2}^{+}$ $O$
, $\{\chi_{u(n)}(x)\}_{0}^{\infty}$ , $\{u(n)\}_{0}^{\infty}$
$u(0)$ $:=0,$ $u(1)$ $:=t^{-1},$ $n=b_{0}+b_{1}2+\cdots+b_{s}2^{s}$ ( $b_{k}=0$ or 1)
, $u(n)$ $:=u(b_{0})+t^{-1}u(b_{1})+\cdots+t^{-s}u(b_{s})$ , $u(n+m)\neq$
$u(n)+n(m),$ $0\leq r,$ $k,$ $0\leq q<2^{k}$ , $u(r2^{k}+q)=u(r2^{k})+u(q)=t^{-k}u(r)+u(q)$ ,
$|u(n)|=2^{k}\Leftrightarrow 2^{k-1}\leq n<2^{k}$ , $\chi_{n}$ $:=\chi_{u(n)}$ $\chi_{n}=\prod_{k=0}^{s}(\chi_{2^{k}})^{b_{k}}$ ,
$\chi_{2^{\partial}}(x\rangle$ $=\chi_{1}(t^{-s}x)$ Rademacher Walsh
Walsh [8]
, $O$ , 2 $Z(2)$ $O$








$S_{n}f(x)$ $:= \sum_{k=0}^{n-1}\hat{f}(k)\chi_{k}(x)=(D_{n}*f)(x),$ $D_{n}(x)$ $:= \sum_{k=0}^{n-1}\chi_{k}(x),$ $D_{0}$ $:=0$
Dirichlet $D_{n}$ $D_{2^{n}}(x)=2^{n}\Phi_{n}(x)$ ( $\Phi_{n}$ : $P^{n}$ ),




$\bullet$ (Kaczmartz) $f\in L^{1}(O)$ , $S_{2^{n}}f(x)arrow f(x)a.e$ .
$\bullet$ (Hardy-Littlewood) $Mf(x)$ $:=suPS_{2^{n}}|f|(x)$ ,
(i) $f\in L^{1}(O),$ $\forall y>0$ $| \{x\in O:Mf(x)>y\}|\leq\frac{1}{y}||f\Vert_{1}$ ,
(ii) $f\in L^{P}(O),$ $1<p<\infty$ $||Mf||_{p}\leq C_{p}||f||_{p},$ $C_{p}=O( \frac{p}{p-1}I\cdot$
$\bullet$ (M.Riesz) $1<p<\infty$ $||S_{n}f(x)||_{p}\leq C_{p}\Vert f||_{p},$ $C_{p}=O( \frac{p^{2}}{p-1})$ .
Paley Paley ([22])
$\chi_{n}(D_{n}*f)(x)=\sum_{k=0}^{[log_{2}n]}e_{k}d_{k}(\chi_{n}f)(x),$ ( $e_{k}=0$ or 1), $d_{k}$ $:=S_{2^{k}}f-S_{2^{k-1}}f$
$\bullet$ (Watari [55], Igari [20], Young [74]) $f\in L^{1}(O),$ $\forall y>0$
$| \{x\in 0 : |S_{n}f(x)|>y\}|\leq\frac{C}{y}||f||_{1}$ .
$L^{1}$ (Igari [18])
4
$O$ test distribution, p–atom $(0<p\leq 1)$ , Hardy ,Lipschtz
$S(O)=S$ $O$ test $\phi\in S$ , $\phi$ $O$ $P^{k}$
, \phi \in S $\sum_{n=0}^{2^{k}-1}\hat{\phi}(n)\chi_{n}(x)$ $\sum_{n=0}^{k-1}\hat{\phi}(n)\chi_{n}(x)$
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$S(k)$ $S’(O)=S’$ $O$ distributions $f\in S’,$ $\phi\in S$ pairing
$<f,$ $\phi>$ $S’$ $f$ $\sum_{n=0}^{\infty}\hat{f}(n)\chi_{n},\hat{f}(n):=<f,$ $\chi_{n}>$
$a(x)$ p–atom $(0<p\leq 1)$ , $a(x)\equiv 1$ , (1) $supp$ $a\subset x+P^{k},$ $(\exists x\in O,$ $\exists k\in$
N), (2) $||a||_{\infty}\leq 2^{k/p},$ (3) $\int a=0$ .
$f\in S’$
$S_{2^{n}}f(x)$ $:=<f,$ $D_{2^{n}}(x-\cdot)>$ ,
$f^{*}(x)$ $:= \sup_{n}|S_{2^{n}}f(x)|$ ,
$Sf(x)$ $:= \{\sum_{0}^{\infty}(S_{2^{n}}f(x)-S_{2^{n-1}}f(x))^{2}\}^{\frac{1}{2}}=\{\sum_{0}^{\infty}(d_{n}f(x))^{2}\}^{\frac{1}{2}}$ .
Hardy $H^{p}(O)=H^{p}(0<p<\infty)$ , $H^{p}(O)$ $:=\{f\in S’ :||f||_{H^{p}} :=||Sf\Vert_{p}<\infty\}$
$0<p\leq 1$ ,
$||f^{*} \Vert_{p}\sim||Sf||_{p}\sim\inf$ { $( \sum_{0}^{\infty}|c_{j}|^{p})^{\frac{1}{p}}$ : $f= \sum c_{j}a_{j},$ $a_{j}$ : p–atom}
Lipschtz
$\Lambda_{\alpha}$ $:= \{f\in L^{1} : \sup_{I}|I|^{-\alpha}|f-f_{I}|_{I}<\infty\}(\alpha>0)$ ,
$Lip_{\alpha}^{(p)}:= \{f\in L^{1} : \sup|t|^{-\alpha}||f(\cdot+t)-f(\cdot)||_{p}<\infty\}(0<p\leq\infty)$ ,
$BMO:=\Lambda_{0}$ ,
$VMO:= \{f\in BMO:\lim_{|I|arrow 0}|f-f_{I}|_{I}=0\}$
$fi$ $:= \frac{1}{|I|}\int_{I}f(u)du,$ $I:=x+P^{k}$
$\sup_{I}|I|^{-\alpha}|f-f_{I}|_{I}\sim\sup|t|^{-\alpha}||f(\cdot+t)-f(\cdot)||_{\infty}$ .
$f\in L^{\infty}$
$V^{*}f$ $:= \sup_{k}\sum_{n=1}^{2^{k}}\sup${ $|f(x)-f(y)|$ : $x,$ $y\in S_{n}^{k},$ $S_{n}^{k}$ $P^{k}$ } $<\infty$ .
$H^{p}$ Lipschtz (Chao [4,5]) o
5 $(C, \alpha)\mp$
$f\in L^{1}$ $\sigma_{n}^{\alpha}f(x):=(f*K_{n}^{\alpha})(x)$ $(C, \alpha)$
$\sigma_{n}f(x):=(f*K_{n})(x)$ $(C, 1)$ ,
$K_{n}^{\alpha}(x)$ $:= \frac{1}{A_{n-1}^{\alpha}}\sum_{k=0}^{n-1}A_{n-k-1}^{\alpha}\chi_{k}(x),$ $A_{n}^{\alpha}= \frac{1}{n!}(\alpha+1)\cdots(\alpha+n),$ $A_{0}^{\alpha}=1$
$K_{n}(x)$ $:= \frac{1}{n}\sum_{k=1}^{n}D_{k}(x)=\sum_{k=0}^{n-1}(1-\frac{k}{n})\chi_{k}(x),$ $K_{0}$ $:=0$
4
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, $|K_{n}(x-)| \leq\frac{n+1}{2},$ $\int K_{n}=1,$ $|K_{n}(x)| \leq\frac{2}{|x|},$ $\int|K_{n}|\leq C$,
$\int_{2^{-k}\leq|x|\leq 1}|K_{n}(x)|dx=o(1)$ as $narrow\infty,$ $(\forall k>0)$ , $n=r2^{k}+s$ ,
$0\leq r,$ $0\leq s<2^{k}$
$nK_{n}(x)=2^{k}D_{2^{k}}(x)rK_{r}(t^{-k}x)+sD_{2^{k}}(x)D_{r}(t^{-k}x)+D_{r}(t^{-k}x)2^{k}K_{2^{k}}(x)+\chi_{r}(t^{-k}x)sK_{s}(x)$
$(C, 1)$ ,Abel Walsh ,
$|nK_{n}(x)|\leq\overline{|x|^{2}}$ $(Fine[9],yano[61])$
$\bullet$ $f\in L^{p}$ , $\sigma_{n}farrow f$ , in $L^{p}(1\leq p<\infty)$ .
$\bullet$ (Fine $[9,10],Yano[61]$ ) $f\in L^{1}$ , $\sigma_{n}^{\alpha}f(x)arrow fa.e$ . $(\alpha>0)$ .
$\bullet$ (Paley[22], Sunouchi[29], Yano[65])
$|| \sup\sigma_{n}^{\alpha}f\Vert_{p}\leq||f||_{p}(1<p<\infty),$ $|| \sup\sigma_{n}^{\alpha}f||_{1}\leq\int|f|\log^{+}|f|+C$.
$\bullet$ (Fujii [11]) $|| \sup\sigma_{n}f||_{1}\leq C||f||_{H^{1}}$ .
6
2 Walsh-Fourier $f(x) \sim\sum\hat{f}(n)\chi_{n}(x),$ $x\in O^{2}$
$f_{r}(x):= \sum\hat{f}(n)r^{n}\chi_{n}(x)=\int_{0_{\infty}^{2}}f(y)P_{r}(x-y)dy$
$P_{r}:=P_{r_{1}}(x_{1})P_{r_{2}}(x_{2}),$ $P_{r_{j}}$ $:= \sum_{\text{ }}r_{j}^{k}\chi_{k}(x_{j})=\prod_{k=0}^{\infty}(1+r_{j}^{2^{k}}\chi_{2^{k}}(x_{j}))$
$S_{n}$ $:= \sum_{m_{j}\leq nj}\hat{f}(m)\chi_{m}(x)=\int_{0^{2}}^{k=0}f(y)D_{n}(x-y)dy,$ $D_{n}(x):=D_{n_{1}}(x_{1})D_{n_{2}}(x_{2})$
$f_{r}$ $r_{1}=r_{2}$ Abel , Abel
$P_{r}^{m}(x)= \prod_{k=0}^{m}(1+r^{2^{k}}\chi_{2^{k}}(x))$
$P_{r}(x)\geq 0(0\leq r<1),$ $P_{\gamma}(x)< \frac{2}{|x|}(0\leq r<1,0<|x|<1),$ $P_{r}(x)< \frac{1}{1-r}(0\leq r<1,0<$
$|x|<1),$ $\int_{0}P_{r}(x)dx=1,$ $||P_{r}( \cdot)||_{p}^{p}\sim(\frac{1}{1-r})^{1-p},$ $(p\geq 1),$ $\int_{2^{-k}}{}_{<|x|}P_{r}(x)^{p}dx\sim(1-r),$ $(p=$
$1,2,3)$ .
$X$ $T$ (L.P.) , $f\in X$ $V$ $f=0$
, $V$ $0$ $T$
$\bullet$ ([35])(i) $C(O^{2})$ LP. (ii) Abel
$L^{p}(O^{2})$ , $p\geq 2$ L.P. $1\leq P<2$ (iii)
Abel C(O2) LP. , $L^{p}(O^{2}),$ $(p>1)$
5
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$E\subset O$ ( $U$ –set) , $E$ $0$
Walsh $E\subset O$ Walsh A U–set ,
$W\in A,$ $S_{2^{n}}W(x)arrow 0$ $asarrow\infty$ for $x\not\in E$ $W$
Wade [43, 44, 46, 47, 48, 49, 51, 52], Yoneda [67, 68, 69, 70,
71, 72, 73]
7
$\omega^{(p)}(2^{-k}, f)$ $;= \sup$ { $f\in L^{p}$ : $\sup$ I $f(\cdot+t)-f(\cdot)||_{p}$ : $|t|\leq 2^{-k}$ }
$E_{n}^{(p)}(f)$ $:= \inf\{||f-P||_{p} :P\in S(n)\}$ .
$\bullet$ (Yano [64]) $f\in\Lambda_{\alpha}$ , $\sigma_{n}f-f=O(n^{-\alpha})(0<\alpha<1)$ .
$\bullet$ (Watari [54,59]) $\alpha>0$ $1<p<\infty$ ,
(i) $f\in Lip_{\alpha}^{(p)}$ , (ii) $\omega^{(p)}(2^{-n}, f)=O(2^{-n\alpha})$ ,
(iii) $E_{m}^{(p)}(f)=O(m^{-\alpha})$ , (iv) 1 $f-S_{2^{n}}||_{p}=O(2^{-n\alpha})$ .
$L^{p}(0<p\leq 1),$ $H^{p}(0<p\leq 1),$ $VMO$ Stro
zenko, Krotov and Oswald [28], [37]. Bernstein-
Steckin (Watari [60])
$\bullet$ (Bernstein-Steckin) $f \in L^{1},\sum_{n=1}^{\infty}n^{-\frac{1}{2}}E_{n}^{2}(f)<\infty$ &b $, \sum_{n=1}^{\infty}\backslash |\hat{f}(n)|<\infty$
Zygmund-Salem Satz Walsh







$\bullet$ (Paley [22]) $f\in L^{p}(1<p<\infty)$ $d_{k}f=S_{2^{k}}f(x)-S_{2^{k-1}}f(x)$ $:=E(f|F_{k})-$
$E(f|F_{k-1})$ ,
$|| \{\sum_{k=0}^{\infty}(d_{k}f(x))^{2}\}^{\frac{I}{2}}||_{p}\sim||f\Vert_{p}$ ,
$|| \{\sum_{n_{1}=0}^{\infty}\sum_{n_{2}=0}^{n_{1}-1}\epsilon_{n_{1},n_{2}}(\sum_{m=2^{n_{1}}+2^{n_{2}}}^{-1}\hat{f}(m)\chi_{m})^{2}\}^{\frac{1}{2}}||_{p}\sim m=2^{n_{1}}+2^{n_{2}+1}!|f||_{p},$ $\epsilon_{n_{1},n_{2}}:=\pm 1$ .
6
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$\bullet$ (Hirshman [17]) $f\in L^{1}(1<p<\infty),$ $- \frac{1}{p}<\alpha<1-\frac{1}{p}$ $\downarrow$
$|| \{\sum_{k=0}^{\infty}(d_{k}f(x))^{2}\}^{\frac{1}{2}}||_{p,\omega}\sim||f||_{p,\omega}$ , $\omega(x):=|x|^{\alpha},$ $||f||_{p,\omega}^{p}$ $:= \int|f|^{p}\omega$ .
$\bullet$ (Sunouchi [29,31]) $1<p<\infty$ $K^{f}f(x):=( \sum_{n=0}^{-}\infty|S_{2}$ $f-\sigma_{2^{\hslash}}f|^{2})^{\frac{1}{2}}$
$||Kf||_{p}\sim||f\Vert_{p},$ $||K’f||_{p}\sim||f||_{p}$ .
$\bullet$ (Yano[66], Watari [57,58]) $f\in L^{1}$ $\delta^{*}f(x):=\sum_{k=0}^{\infty}\epsilon_{k}d_{k}f(x)$ ,
$\epsilon_{k}=\pm 1$ , or $0,$ $y>0$
$| \{x\in O : |\delta^{*}f(x)|>y\}|\leq\frac{C}{y}\Vert f||_{1}$ .
$\bullet$ (Wade [45]) $f\in S’,$ $0<p<1$
$||Kf\Vert_{p}\leq C||K’f||_{1},$ $||K’f||_{p}\leq C||Sf||_{1},$ $||Sf||p\leq C||Kf||_{1}$ .
$\bullet$ ([36]) $f\in S$ $g(f)(x)$ $:= \{\sum_{n=1}^{\infty}(\sigma_{n+1}f-\sigma_{n}f)^{2}a_{n}\}^{\frac{1}{2}}$
$\sum_{k=1}^{n}a_{k}\sim n,\sum_{k=2^{n}}^{2^{n+1}-1}\frac{1}{a_{k}}\leq C2^{n}$
(i) $f\in H^{1},$ $y>0$ $| \{x\in O : g(f)(x)>y\}|\leq\frac{C}{y}||f||_{H^{1}}$ ,
(ii) $f\in H^{1}$ $||g(f)||_{p}\leq C||f||_{H^{1}}(0<p<1)$ ,
(iii) $Sf\in L\log^{+}L$ $||g(f)||_{p}\leq C||Sf||_{L\log^{+}L}+C$ ,
(iv) $\hat{f}(0)=0,$ $g(f)\in L^{1}$ $||f||_{H^{p}}\leq C||g(f)||_{1}(0<p<1)$ .
$\bullet$ (Coste [6]) $s=\{s_{0}, s_{1}, \cdots\},$ $0\leq s_{n}\leq n$
$\sigma_{(s)}^{\alpha}f$ $:= \{\sum_{n=0}^{\infty}2^{-\alpha s}$ $E(|d_{n}f|^{2}|F_{n-s_{\text{ }}})\}^{\frac{1}{2}}$
,
$||\sigma_{(s)}^{\alpha}f||_{p}\leq C||Sf||_{p},$ $\frac{1}{1+\alpha}<p<\infty,$ $\alpha\geq 0$ .
$g_{\lambda}^{*}f$ $Sf$ . Calderon-Torchinsky $a=\{0,1,$ $\cdots,$ $a$ ,







$\Lambda tf(x)$ $:= \sup S_{n}f(x)|$
$\bullet$ $f\in L^{p},$ $1<p<\infty$ $\Lambda tf(x)\in L^{p},$ $||\Lambda lf||_{p}\leq C||f||_{p}$ .
$\bullet$ $f\in L^{p},$ $1<p<\infty$ $S_{n}f(x)arrow f(x)a.e$ .
$\bullet$ $F$ $f=\xi_{F},$ $y>0,1<p<\infty,$ $N\in N,$ $L=O( \frac{p^{2}}{p-1}I$
$E=E(y,p,$ $N$ , $C$
$(i)|E| \leq(\frac{C}{y})^{p}|F|^{\frac{1}{p}}$ ,
$(ii)x\not\in E,$ $0\leq n<2^{N}$ $|S_{n+1}f(x)|\leq CLy$ .
Yano([63]) , $T$ $1<p$
$||T\xi_{A}||_{p}\leq C(p-1)^{-m}|A|^{\frac{1}{P}}$ $||Tf||_{1} \leq C\int|f|(\log^{+}|f|+1)^{m}dx$
$\bullet$ $f\in L(\log^{+}L)^{2}$ $B\doteqdot||\mathcal{M}f||_{1}\leq C\int|f(x)|(\log^{+}|f(x)|)^{2}dx+C$ .




Soria Yano $T$ $1<p<p_{0}$ ,
$||T\xi_{A}||_{1}\leq C(p-1)^{-m}|A|^{\frac{1}{p}}$
, $t>0$
$\lambda_{f}(t)$ $:=|\{x : |f(t)|>t\}|$ . $\phi$ $[0,1]$ , , , $\phi(0)=0$ .
$B_{\phi}$ $:= \{f : ||f||_{\phi} :=\int_{0}^{\infty}\phi(\lambda_{f}(t))dt<\infty\}$ ,
$B_{\phi}^{*}$ $:= \{f\in B_{\phi} : \int_{0}^{\infty}\phi(\lambda_{f}(t))(1+\log(\frac{||f||_{\phi}}{t\phi(\lambda_{f}(t))}))dt<\infty\}$ ,
$\phi_{m}(s)$ $:=s(1+ \log^{+}(\frac{1}{s}))^{m}$ $L(\log^{+}L)^{m}(\log^{+}\log^{+}L)_{l}$ $c\subset(B_{\phi_{m}}^{*})_{l}$
$c$
$\bullet$ (Soria [26,27]) $f\in B_{\phi_{1}}^{*}$ $S_{n}f(x)arrow f(x)a.e$ .
Billard([2]), Gosselin([13,14]), S\"olin([32]), Tateoka$([34]),$ $Chao([3])-$




$f\in S’,$ $\alpha\in C$
$(\overline{J^{\alpha}f})(n)$ $:=\overline{G_{\alpha}}(n)\hat{f}(n),$ $\overline{G_{\alpha}}(n)$ $:=( \max[1, |n|])^{-\alpha}$
, $J^{\alpha}f$ $f$ $\alpha$ Bessel potential
$\Re\alpha>0$ , $G_{a}(x)=C_{\alpha}(|x|^{\alpha-1}-2^{\alpha-1})\alpha\neq 1,$ $G_{1}= \frac{1}{2}\log_{2}(\frac{2}{|x|})$
$X_{\theta}$ $:=H^{\frac{1}{\theta}}(\theta>0),$ $BMO(\theta=0),$ $\Lambda_{-\theta}(\theta<0)$
$\bullet$ (Hardy-Littlewood) $\alpha>0,0<p\leq 1$
(i) $\theta\geq\frac{1}{p}-\alpha$ $f\in H^{p}$ $J^{\alpha}f\in X_{\theta},$ $||J^{\alpha}f||_{X_{\theta}}\leq C||f\Vert_{H^{p}}$ .
(ii) $\theta<\frac{1}{p}-\alpha$ $f\in H^{p}$ $J^{\alpha}f\not\in X_{\theta}$ .
$J^{\alpha}f=G_{\alpha}*f,$ $||G_{\alpha}(\cdot+h)-G_{\alpha}(\cdot)||_{H^{1}}\leq C|t|^{\alpha}$
$p>1$ Watari$([57])$ .
$J^{\alpha}(H^{p}):=\{g\in S’ : J^{\alpha}f=g, f\in H^{p}\},$ $||J^{\alpha}f||_{J^{\alpha}(H^{p})}$ $:=||f||_{H^{p}}$
Hardy-Bessel o $\alpha>\frac{1}{p}-1$ , Hardy-Little-
wood $J^{\alpha}(H^{p})$
$1\leq s\leq 2,$ $\alpha>0$
$D_{\alpha}^{s}F(x)$ $:=( \sum_{k=0}^{\infty}2^{2\alpha k}\{\int_{|y|=1}|F(x+t^{k}y)-F(x)|^{s}dy\}^{\frac{2}{l}})^{\frac{1}{2}},$ $x\in O$
$D_{\alpha}^{1}F(x) \leq CD_{\alpha}^{s}F(x)\leq CD_{\alpha}^{2}F(x)=C(\int_{|y|\leq 1}\frac{|F(x+y)-F(x)|^{2}}{|y|^{1+2\alpha}}dy)^{\frac{1}{2}}$
$\bullet$ $0<p \leq 1,1\leq s\leq 2,\frac{1}{p}-1<\alpha$ , $f\in J^{\alpha}(H^{p})$
$D_{\alpha}^{s}f\in L^{p},$ $1\leq s\leq 2$
$g\in H^{p}$ $g=\Sigma\lambda_{i}a_{i},$ $||g||_{H^{p}} \sim(\sum||\lambda;|^{p})^{\frac{1}{p}}$ ( $a$; : $p-$ atom) $b_{i}=J^{a}a$ ;
$f=J^{\alpha}g= \sum\lambda_{i}b;$ .
$||D_{\alpha}^{2}f||_{p}^{p} \leq\int(\sum|\lambda_{i}|D_{\alpha}^{2}b_{i}(x))^{p}dx\leq\sum||\lambda_{i}$ |D\alpha 2bi||p2.
Plancherel $||D_{\alpha}^{2}b_{i}||_{2}^{2}\leq C||a_{i}||_{2}^{2}\leq C$
$Sf(x)\leq CD_{\alpha}^{1}J^{\alpha}f(x)$ $\triangle_{k}(x)$ $:=D_{2^{k}}(x)-D_{2^{k-1}}(x)$ ,
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